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2.4 The Chain Rule

8 Find the derivative of a composite function using the Chain Rule.

8 Find the derivative of a function using the General Power Rule.

8 Simplify the derivative of a function using algebra.

8 Find the derivative of a trigonometric function using the Chain Rule.

The Chain Rule

This text has yet to discuss one of the most powerful differentiation rules—the Chain
Rule. This rule deals with composite functions and adds a surprising versatility to the
rules discussed in the two previous sections. For example, compare the functions shown
below. Those on the left can be differentiated without the Chain Rule, and those on the
right are best differentiated with the Chain Rule.

Without the Chain Rule With the Chain Rule
y=x2+1 y=/x2+1

y = sinx y = sin 6x
y=3x+2 y = (3x + 2)°
y=x+ tanx y = x + tan x?

Basically, the Chain Rule states that if y changes dy/du times as fast as u, and u changes
du/dx times as fast as x, then y changes (dy/du)(du/dx) times as fast as x.

EXAMPLE 1 The Derivative of a Composite Function

A set of gears is constructed, as shown in Figure 2.24, such that the second and third
gears are on the same axle. As the first axle revolves, it drives the second axle, which
in turn drives the third axle. Let y, u, and x represent the numbers of revolutions per
minute of the first, second, and third axles, respectively. Find dy/du, du/dx, and dy/dx,
and show that

& _dy du
dx du dx
Solution Because the circumference of the second gear is three times that of the

first, the first axle must make three revolutions to turn the second axle once. Similarly,
the second axle must make two revolutions to turn the third axle once, and you can write

Axle 1: y revolutions per minute dy du
Axle 2: u revolutions per minute ——=3 and — =2.
. . du dx
Axle 3: x revolutions per minute
Figure 2.24 Combining these two results, you know that the first axle must make six revolutions to

turn the third axle once. So, you can write

@ _ Rate of change of first axle Rate of change of second axle
dx  With respect to second axle * with respect to third axle
_ 4y du
du dx
=3.2
=6

Rate of change of first axle
with respect to third axle

In other words, the rate of change of y with respect to x is the product of the rate of
change of y with respect to # and the rate of change of u with respect to x. |
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130 Chapter 2

Exploration

Using the Chain Rule Each
of the following functions
can be differentiated using
rules that you studied in
Sections 2.2 and 2.3. For
each function, find the
derivative using those rules.
Then find the derivative
using the Chain Rule.
Compare your results.
Which method is simpler?

a 2
T 3x+ 1
b. (x + 2)°

¢. sin 2x

The alternative
limit form of the derivative was
given at the end of Section 2.1.

Differentiation

Example 1 illustrates a simple case of the Chain Rule. The general rule is stated in
the next theorem.

THEOREM 2.10 The Chain Rule

If y = f(u) is a differentiable function of u and u = g(x) is a differentiable
function of x, then y = f(g(x)) is a differentiable function of x and

dy _dy du
dx du dx

or, equivalently,

LAt = Fee (.

Proof Leth(x) = f(g(x)). Then, using the alternative form of the derivative, you need
to show that, for x = ¢,

h'(c) = f(g(c)g (c).

An important consideration in this proof is the behavior of g as x approaches c.
A problem occurs when there are values of x, other than ¢, such that

g(x) = glo).

Appendix A shows how to use the differentiability of fand g to overcome this problem.
For now, assume that g(x) # g(c) for values of x other than c. In the proofs of the
Product Rule and the Quotient Rule, the same quantity was added and subtracted to
obtain the desired form. This proof uses a similar technique—multiplying and dividing by
the same (nonzero) quantity. Note that because g is differentiable, it is also continuous,
and it follows that g(x) approaches g(c) as x approaches c.

o Fg) = F(s(e)

h/(C) = ¢ Alternative form of derivative

i [£60) = £e@) g —ele] L
| = ] AL S
_ o [ f8) — £(g(e) | g(x) — glc)
S e
| i £80) = flgleD ][ g0 — gle)
B [)1{122 glx) — glo) :||:Jlr—>c x—c ]
= f(g(c))g ()

See LarsonCalculus.com for Bruce Edwards’s video of this proof. " |

When applying the Chain Rule, it is helpful to think of the composite function f - g
as having two parts—an inner part and an outer part.

Outer function

/N

y = flg) = f(u)

\/

Inner function

The derivative of y = f(u) is the derivative of the outer function (at the inner function u)
times the derivative of the inner function.

y' =fu) - u
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o You could also
solve the problem in Example 3
without using the Chain Rule by
observing that

y=x%4+3x*+3x2+ 1
and
y' = 6x + 12x3 + 6x.

Verify that this is the same as
the derivative in Example 3.
Which method would you use
to find

d

2 4+ 509
T (2 + 1)°99
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EXAMPLE 2 Decomposition of a Composite Function

y =f(g(x) u = g(x) y=f@
a. y= 1 =x+1 .

ER A = YT
b. y = sin 2x u = 2x y =sinu
c.y=V3?>—x+1 u=3>—x+1 y=Vu
d. y = tanx u = tan x y = u?

EXAMPLE 3 Using the Chain Rule
Find dy/dx for

y=(x%+ 1)

Solution For this function, you can consider the inside function to be u = x? + 1
and the outer function to be y = u?. By the Chain Rule, you obtain

D3+ 1P = 62 + 1)
-
&y
du dx .

The General Power Rule

The function in Example 3 is an example of one of the most common types of
composite functions, y = [u(x)]". The rule for differentiating such functions is called
the General Power Rule, and it is a special case of the Chain Rule.

THEOREM 2.11 The General Power Rule
If y = [u(x)]", where u is a differentiable function of x and n is a rational
number, then

dy _

L du
dx nlu(x)] dx

or, equivalently,

4

i n| — n—1
dx[u]—nu u

Proof Because y = [u(x)]" = u”, you apply the Chain Rule to obtain

-1
dx du)\dx
— i [un @
du dx’
By the (Simple) Power Rule in Section 2.2, you have D,[u"] = nu"~', and it follows
that

@ = nu"~ 1 @
dx dx
See LarsonCalculus.com for Bruce Edwards’s video of this proof. |
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Chapter 2 Differentiation

3 C\|JR WM Applying the General Power Rule

Find the derivative of f(x) = (3x — 2x?).
Solution Letu = 3x — 2x% Then

flx) = Bx — 222 =
and, by the General Power Rule, the derivative is

n—1 ’

n u u
, d
f (x) = 3(3x - 2)62)2 a[?)x - 2x2] Apply General Power Rule.
= 3(3x — 2x2)2(3 — 4x). Differentiate 3x — 2x2.

m EXAMPLE 5 Differentiating Functions Involving Radicals
y

Find all points on the graph of
100 = Y@= IP
for which f(x) = 0 and those for which f/(x) does not exist.

Solution Begin by rewriting the function as

x flx) = (k2 — 123,
Then, applying the General Power Rule (with u = x> — 1) produces

n ! u’

| ———————
/ 2 2 -1/3
f (x) = g(x - 1) 7 (2x) Apply General Power Rule.
4x o
= Write in radical form.
o . . 3Yx* -1
The derivative of fis 0 at x = 0 and is
undefined at x = +1. So, f(x) =0 when x = 0, and f(x) does not exist when x = +1, as shown in

Figure 2.25 Figure 2.25.

EXAMPLE 6 Differentiating Quotients: Constant Numerators

IR I R A R Differentiate the function
e Try differentiating -7
the function in Example 6 using g(t) = (21 — 3)2°
the Quotient Rule. You should
obtain the same result, but Solution Begin by rewriting the function as
using the Quotient Rule is g() = —7(2t — 3)2
less efficient than using the
General Power Rule. Then, applying the General Power Rule (with u = 2t — 3) produces
n ut! u’
AN
g /(Z‘) = (— 7)(— 2)(22‘ - 3)_3(2) Apply General Power Rule.
——
Constant
Multiple Rule
= 28(2t - 3)73 Simplify.
28 R
= m Write with positive exponent. .
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Symbolic
differentiation utilities are
capable of differentiating very
complicated functions. Often,
however, the result is given in
unsimplified form. If you have
access to such a utility, use it
to find the derivatives of the
functions given in Examples 7,
8, and 9. Then compare the
results with those given in
these examples.

2.4 The Chain Rule 133

Simplifying Derivatives

The next three examples demonstrate techniques for simplifying the “raw derivatives”
of functions involving products, quotients, and composites.

Simplifying by Factoring Out the Least Powers

Find the derivative of f(x) = x2J/1 — x2.

Solution
) =2 VT= %

2(1 — x2)1/2

X Write original function.
X Rewrite.

flx) = xzdi;c [((1—x)Y2]+ (1 — xz)‘/zdi;c [x2] Product Rule

General Power Rule

- xZB(l = xz)_l/z(—2x)} (1 - 2)2(20)

= —x3(1 — x2)712 + 2x(1 — x?)1/2 Simplify.

=x(1 — x)~"V—=x2(1) + 2(1 — x?)] Factor.
2 — 3x2

= 7)6( e ) Simplify.

V1 —x2

D\ [LIEHM Simplifying the Derivative of a Quotient

Original function

f(x)=ﬁ

x .
- m Rewrite.
x2 + 4)3(1) — x(1/3)(x2 + 4)723(2x
f’(x) - ( ) ( ) (x2 5_/4))253 ) ( ) Quotient Rule
1 3(x2 4+ 4) — (2330
:W”mw{(wléﬁo] .
x2 4+ 12 o
Simplify.

T 302 + 4

EXAMPLE 9 Simplifying the Derivative of a Power
cees > See LarsonCalculus.com for an interactive version of this type of example.
_(3x = 1)
4 x>+ 3
n w ! u
—

,:2<3x—1>i[3x—1}
Y x2+3)dx|[x2+3

- [2(3)6 - 1)][(x2 +3)3) = (Bx — 1)(2x)]

Original function

General Power Rule

Quotient Rule

x2+3 (x2 + 3)2
_ 2(3x — 1)(3x2 + 9 — 6x2 + 2x) Multio
2 + 3)° ultiply
2(3x — 1)(—3x2+ 2x + 9) _—
= (x2 n 3)3 Simplify. .
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Differentiation

Trigonometric Functions and the Chain Rule

The “Chain Rule versions” of the derivatives of the six trigonometric functions are
shown below.

d .. _ , d e ,

T [sin u] = (cos u)u o [cos u] = —(sin u)u

d N d N
—[tan u] = (sec2u)u —[cotu] = —(csc? uu

dx dx

i[sec u] = (sec u tan u)u’ i[csc u] = —(csc u cot u)u’
dx dx

S C\IJERIN The Chain Rule and Trigonometric Functions

u cos u u’
~N —
a. y = sin 2x y’ = cos ZxG%[Zx] = (cos 2x)(2) = 2 cos 2x
u —(sin u) u’
r ) ~ Y )
b. y = cos(x — 1) y’ = —sin(x — 1)‘%[x — 1] = —sin(x — 1)
u (sec? u) u’
~N —
c. y = tan 3x y’ = sec? 3xd%[3x] = (sec? 3x)(3) = 3 sec?(3x) |

Be sure you understand the mathematical conventions regarding parentheses and
trigonometric functions. For instance, in Example 10(a), sin 2x is written to mean sin(2x).

S C\IJEREN Parentheses and Trigonometric Functions

a. y = cos 3x2 = cos(3x?) vy’ = (—sin 3x2)(6x) = —6x sin 3x2
b. y = (cos 3)x? vy’ = (cos 3)(2x) = 2x cos 3
c. y = cos(3x)? = cos(9x?) vy’ = (—sin 9x?)(18x) = — 18x sin 9x?
d. y = cos?x = (cos x)? vy’ = 2(cos x)(—sin x) = —2 cos x sin x
1 sin x
e. y = /cosx = (cosx)!/2 "= —(cos x) V/2(—sinx) = ———
y X ( x) y 2( x) ( x) Zm .

To find the derivative of a function of the form k(x) = f(g(h(x))), you need to apply
the Chain Rule twice, as shown in Example 12.

Repeated Application of the Chain Rule

f(t) = sin’ 4¢ Original function

= (sin 4¢)° Rewrite.

d
f’(t) = 3(sin 4[)2 E [sin 4[] Apply Chain Rule once.
. d ) )

= 3(sin 4¢)%(cos 41) o [41] Apply Chain Rule a second time.

= 3(sin 41)*(cos 4t)(4)

= 12 sin? 4t cos 4t Simplify. " |
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y | f(x)=2sinx+ cos 2x

Figure 2.26
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D V\IJEREN Tangent Line of a Trigonometric Function

Find an equation of the tangent line to the graph of f(x) = 2 sin x + cos 2x at the point
(7, 1), as shown in Figure 2.26. Then determine all values of x in the interval (0, 277) at
which the graph of f has a horizontal tangent.

Solution Begin by finding f"(x).
f(x) = 2sinx + cos 2x
f(x) = 2cos x + (—sin 2x)(2)

= 2cosx — 2sin 2x

Write original function.

Apply Chain Rule to cos 2x.

Simplify.

To find the equation of the tangent line at (7, 1), evaluate /(7).
f/(m) = 2cos 7 — 2sin 27

=-2

Substitute.
Slope of graph at (7, 1)

Now, using the point-slope form of the equation of a line, you can write

y—y =mx— xl) Point-slope form
y— 1= 72()( - 77) Substitute for y,, m, and x,.
y=1-—2x+2m. Equation of tangent line at (7, 1)

577, and 3777 So, f has horizontal

You can then determine that f/(x) = 0 when x = g, g, 5

T
tangents at x = 62 6 X |

This section concludes with a summary of the differentiation rules studied so far.
To become skilled at differentiation, you should memorize each rule in words, not
symbols. As an aid to memorization, note that the cofunctions (cosine, cotangent, and
cosecant) require a negative sign as part of their derivatives.

SUMMARY OF DIFFERENTIATION RULES

General Differentiation Rules

Derivatives of Algebraic
Functions

Derivatives of Trigonometric
Functions

Chain Rule

Let f, g, and u be differentiable functions of x.

Constant Multiple Rule:

L lef) = of

Sum or Difference Rule:

%[fi gl=f+g

Product Rule: Quotient Rule:

d , , d|f|_sf—f¢
el — + Ll =98L  JS
JLEl=fe + ef o [ g} e

Constant Rule: (Simple) Power Rule:

i — i n| — n—1 i —

Skl =0 Sl =l ] =1

e 7 4 ~ cec? d _

T [sin x] = cos x T [tan x] = sec2x o [sec x] = sec x tan x
i[cosx] = —sinx i[cotx] = —csc?x i[cscx] = —cscxcotx
dx dx dx

Chain Rule: General Power Rule:

i — £ ’ i n| — n—1,7

L 1] = ) L) = w1
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136 Chapter 2 Differentiation

2.4 Exercises

see CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises.

Decomposition of a Composite Function In Exercises
1-6, complete the table.

y =f(gk)) u = g(x) y =f)
1L.y=(5x—8):*
2.y = !
Vx+ 1
J.y=Ux* -7

4. y = 3 tan(mwx?)

5.y =csc3x

. S5x
6.y—sm2

Finding a Derivative In Exercises 7-34, find the derivative
of the function.

7.y = (4x — 1) 8 y=502—x)
9. glx) = 3(4 — 9)* 10. f(t) = (9r + 2)¥3
. f() = J5—1 12 g(x) = V4 =322
13. y = J6x2 + 1 14. f(x) = V22 —4x + 2
15. y =249 — x2 16. f(x) = J12x — 5
1 _ 1
17.y—x_2 18.s(t)—74_5t_t2
_ 1 \? _ 3
19. £(5) = (—t - 3> 2.y =~
Py pp—— 2. g(t) = ———
YT s "8 72
23. f(x) = x2(x — 2)* 24. f(x) = x(2x — 5)°
25,y =xJ1 — 2 26. y = 3x2/16 — x2
B x _ x
= e By=Jwia
+5\2 202
29. g(x) <x2 - 2) 30. h(r) = (m>
(1 =23 ~(3x2 =233
31. f(v) = 1+v> 32.g(x)—<2x+3>
33, f(x) = (x> + 3)° + x)? 3. gx) = 2+ 2+ 1Y

'dP'Finding a Derivative Using Technology In Exercises

35-40, use a computer algebra system to find the derivative of
the function. Then use the utility to graph the function and its
derivative on the same set of coordinate axes. Describe the
behavior of the function that corresponds to any zeros of the
graph of the derivative.

Jx+1 2x
35'y_xz-i-l 36. y = x+1
+
37.y= xxl 38. gly) = Vx— 1+ Vx+1
cos mx + 1 1
Ly=——"— 40. y = x?tan —
39. y . 0. y xtanx

Slope of a Tangent Line In Exercises 41 and 42, find the
slope of the tangent line to the sine function at the origin.
Compare this value with the number of complete cycles in the
interval [0, 277]. What can you conclude about the slope of the
sine function sin ax at the origin?

y

41. (a)

Finding a Derivative In Exercises 43-64, find the
derivative of the function.

43. y = cos 4x 44. y = sin mx

45. g(x) = 5tan 3x 46. h(x) = sec x?

47. y = sin(mx)? 48. y = cos(1 — 2x)?

49. h(x) = sin 2x cos 2x 50. g(0) = sec(36) tan(36)
a0 -

53. y = 4sec’x 54. g(t) = 5cos? mt

55. f(0) = tan? 50 56. g(0) = cos? 860

57. £(6) = +sin226 58. h(t) = 2 cot®(mt + 2)
59. f(1) = 3sec)(mt — 1) 60. y = 3x — 5 cos(mx)?
61. y = Jx + § sin(2x)? 62. y = sin ¥/x + Isinx
63. y = sin(tan 2x) 64. y = cos+/sin(tan mx)

Evaluating a Derivative In Exercises 65-72, find and
evaluate the derivative of the function at the given point. Use a
graphing utility to verify your result.

65. y = /x> + 8, (1,3) 66. y = J/3x + 4x, (2,2)
67. flx) = —>— <—2, —%)

x3 =2
I 1
68. /) = (73 (4, 1—6>
69. £(1) = 3t’_+12, 0,-2) 70 f(x) = ;;_45 ©, 1)

1 2
71. y =26 —sec4x, (0,25) 72.y= L oveosy, (3 ;)
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ldP'Finding an Equation of a Tangent Line In Exercises
73-80, (a) find an equation of the tangent line to the graph
of f at the given point, (b) use a graphing utility to graph the
function and its tangent line at the point, and (c¢) use the
derivative feature of the graphing utility to confirm your results.

73 = V22 =7, (4,5 T4 f(x) = xJSxZ+ 5, (2,2)
75. y = (43 + 3)% (—1,1) 76. f(x) = (9 — x2)¥/3, (1,4)

78. y = cos 3x, <E —ﬁ)

77. f(x) = sin2x, (1, 0) PR

79. f(x) = tan? x, (f 1) 80. y = 2 tan’ x, (g 2)

ldP' Famous Curves In Exercises 81 and 82, find an equation of
the tangent line to the graph at the given point. Then use a
graphing utility to graph the function and its tangent line in the
same viewing window.

81. Top half of circle 82. Bullet-nose curve

~<

8+ 4+
~G:4 L
| 1+ 2D

X l l l l X

83. Horizontal Tangent Line Determine the point(s) in the
interval (0, 277) at which the graph of

f(x) = 2cosx + sin 2x

has a horizontal tangent.

84. Horizontal Tangent Line Determine the point(s) at
which the graph of

X

flx) = Wi

has a horizontal tangent.

Finding a Second Derivative In Exercises 85-90, find the
second derivative of the function.

85. f(x) = 5(2 — 7x)* 86. f(x) = 6(x* + 4)
1 8
87. f(-x) = _ 7 88. f(x) = m

x—06
89. f(x) = sin x? 90. f(x) = sec? mx

Evaluating a Second Derivative In Exercises 91-94,
evaluate the second derivative of the function at the given
point. Use a computer algebra system to verify your result.

= (03]
x+4 \72

%)

64

3) 92. f(x) =

91. h(x) = %(3)6 + 1), (1,

93. f(x) = cosx?, (0,1) 94. g(t) = tan 2, (E

6

2.4 The Chain Rule 137

WRITING ABOUT CONCEPTS

Identifying Graphs In Exercises 95-98, the graphs of a
function f and its derivative f” are shown. Label the graphs
as f or f” and write a short paragraph stating the criteria
you used in making your selection. To print an enlarged
copy of the graph, go to MathGraphs.com.

96. Y

j*1234

—2
—3
—4

Describing a Relationship In Exercises 99 and 100,
the relationship between f and g is given. Explain the
relationship between f” and g’.

99. g(x) = f(3x) 100. g(x) = f(x?)

101. Think About It The table shows some values of the
derivative of an unknown function f. Complete the table by
finding the derivative of each transformation of f, if possible.

(@ gl) = flx) -2
(b) h(x) = 2f(x)
(©) rlx) = f(=3x)
(@ s(x) = flx +2)

x 2| -1]0 | 1| 213
[ | 4
g’ ()
h’(x)
r'(x)
s'(x)

W
W=
|
—_
|
NS]
|
~

102. Using Relationships Given that g(5) = —3, g’(5) = 6,
h(5) = 3, and K’(5) = —2, find f’(5) for each of the
following, if possible. If it is not possible, state what
additional information is required.

@ f(x) = g(x)h(x) (b) f(x) = g(h(x))

© f(x) = % @ () = [e]’
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Finding Derivatives In Exercises 103 and 104, the graphs
of f and g are shown. Let h(x) = f(g(x)) and s(x) = g(f(x)).
Find each derivative, if it exists. If the derivative does not exist,
explain why.

103.

105.

106.

107.

108.

(a) Find h'(1). 104. (a) Find 2(3).
(b) Find 57(5). (b) Find s'(9).
y y
10 10
8 / 8 f,
6
X 3
2 & 2
> x - x
2747 67810 274 6 8010
Doppler Effect The frequency F of a fire truck siren
heard by a stationary observer is
132,400
331 £ v

where +v represents the velocity of the accelerating fire truck
in meters per second (see figure). Find the rate of change of
F with respect to v when

(a) the fire truck is approaching at a velocity of 30 meters per
second (use —v).

(b) the fire truck is moving away at a velocity of 30 meters
per second (use +v).

_ 132,400 o 132,400
Bl+v Bl-v

Harmonic Motion The displacement from equilibrium
of an object in harmonic motion on the end of a spring is

1 1
y = gcos 12t — Zsin 12t
where y is measured in feet and 7 is the time in seconds.
Determine the position and velocity of the object when
t = 1/8.

Pendulum A 15-centimeter pendulum moves according
to the equation 6 = 0.2 cos 8¢, where 6 is the angular
displacement from the vertical in radians and 7 is the time in
seconds. Determine the maximum angular displacement and
the rate of change of 6 when r = 3 seconds.

Wave Motion A buoy oscillates in simple harmonic
motion y = A cos wt as waves move past it. The buoy moves
a total of 3.5 feet (vertically) from its low point to its high
point. It returns to its high point every 10 seconds.

(a) Write an equation describing the motion of the buoy if it
is at its high point at # = 0.

(b) Determine the velocity of the buoy as a function of 7.

'dP' 109. Modeling Data The normal daily maximum temperatures
T (in degrees Fahrenheit) for Chicago, Illinois, are shown
in the table. (Source: National Oceanic and Atmospheric
Administration)

Month Jan Feb | Mar | Apr

Temperature | 29.6 | 34.7 | 46.1 | 58.0

Month May | Jun Jul Aug

Temperature | 69.9 | 79.2 | 83.5 | 81.2

Month Sep Oct | Nov | Dec

Temperature | 73.9 | 62.1 | 47.1 | 344

(a) Use a graphing utility to plot the data and find a model
for the data of the form

T(t) = a + bsin(ct — d)
where 7T is the temperature and ¢ is the time in months,
with ¢+ = 1 corresponding to January.

(b) Use a graphing utility to graph the model. How well does
the model fit the data?

(c) Find T’ and use a graphing utility to graph the derivative.

(d) Based on the graph of the derivative, during what times
does the temperature change most rapidly? Most slowly?
Do your answers agree with your observations of the
temperature changes? Explain.

% HOW DO YOU SEE IT? The cost C (in
dollars) of producing x units of a product is
C = 60x + 1350. For one week, management
determined that the number of units produced x
at the end of ¢ hours can be modeled by
x = —1.68 + 192 — 0.5t — 1. The graph
shows the cost C in terms of the time 7.

Cost of Producing a Product

25,000
20,000 /_
15,000 /
10,000 /
5,000 /

Cost (in dollars)

Time (in hours)

(a) Using the graph, which is greater, the rate of change
of the cost after 1 hour or the rate of change of the
cost after 4 hours?

(b) Explain why the cost function is not increasing at a
constant rate during the eight-hour shift.
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The number N of bacteria in a culture after 7 days is
modeled by

3
N = 400[1 @+ 2)2].
Find the rate of
change of N with
respect to  when
(@t=0,Mb)r=1,
©t=2,(d)t=3,
and (e) t = 4. (f) What
can you conclude?

112. Depreciation The value V of a machine 7 years after it is

2.4 The Chain Rule 139

117. Even and Odd Functions
(a) Show that the derivative of an odd function is even. That
is, if f(—x) = —f(x), then f(—x) = f(x).
(b) Show that the derivative of an even function is odd. That
is, if f(—x) = f(x), then f(—x) = —f"(x).
118. Proof Let u be a differentiable function of x. Use the fact
that [u| = /u? to prove that

d , U
£[|u|]—u ] u #+ 0.

Using Absolute Value In Exercises 119-122, use the result
of Exercise 118 to find the derivative of the function.

119. g(x) = [3x — 5|
121. h(x) = |x| cos x

120. f(x) = |x> = 9|
122. f(x) = |sin x|

purchased is inversely proportional to the square root of & Linear and Quadratic Approximations The linear and

t + 1. The initial value of the machine is $10,000.
(a) Write V as a function of 7.

(b) Find the rate of depreciation when ¢t = 1.

(c) Find the rate of depreciation when ¢t = 3.

113. Finding a Pattern Consider the function f(x) = sin SBx,
where (3 is a constant.

(a) Find the first-, second-, third-, and fourth-order derivatives
of the function.

(b) Verify that the function and its second derivative satisfy
the equation f”(x) + B2f(x) = 0.

(c) Use the results of part (a) to write general rules for the
even- and odd-order derivatives f@%(x) and f@~(x).
[Hint: (—1)* is positive if k is even and negative if k is
odd.]

114. Conjecture Let fbe a differentiable function of period p.
(a) Is the function f’ periodic? Verify your answer.

(b) Consider the function g(x) = f(2x). Is the function g’(x)
periodic? Verify your answer.

115. Think About It Let r(x) = f(g(x)) and s(x) = g(f(x)),
where f and g are shown in the figure. Find (a) r’(1) and

(b) s"(4).

y

! (6, 6)

6

5 3

4 /

. 24 /65

2 /7

1 ’/

t x
4L 1234567

116. Using Trigonometric Functions

(a) Find the derivative of the function g(x) = sin?> x + cos? x
in two ways.

(b) For f(x) = sec? x and g(x) = tan? x, show that

f'x) =g’ (x).

quadratic approximations of a function f at x = a are

Py(x) = fl@)x — a) + f(a) and
P,(x) = 3f(@)(x = @)* + f(@)(x — a) + f(a).

In Exercises 123 and 124, (a) find the specified linear and
quadratic approximations of f, (b) use a graphing utility to
graph f and the approximations, (c) determine whether P, or
P, is the better approximation, and (d) state how the accuracy
changes as you move farther from x = a.

123. f(x) = tanx; a = 124. f(x) = secx; a =

T
4

SYE]

True or False? In Exercises 125-128, determine whether the
statement is true or false. If it is false, explain why or give an
example that shows it is false.

125. Ify = (1 — x)/2, then y’ = 5(1 — x)~1/2.
126. If f(x) = sin?(2x), then f"(x) = 2(sin 2x)(cos 2x).

127. If y is a differentiable function of u, and u is a differentiable
function of x, then y is a differentiable function of x.

128. If y is a differentiable function of u, u is a differentiable
function of v, and v is a differentiable function of x, then
dy _ dydudv
dx  dudvdx’

PUTNAM EXAM CHALLENGE

129. Let f(x) = a, sinx + a, sin 2x + - - - + a, sin nx, where
a,, a,, . . ., a,are real numbers and where 7 is a positive
integer. Given that |f(x)| < |sin x| for all real x, prove
that |a, + 2a, + - - - + na,| < 1.

130. Let k& be a fixed positive integer. The nth derivative
P, )

T where P, (x) is a

1
of —— has the form
x* =1

polynomial. Find P,(1).

These problems were composed by the Committee on the Putnam Prize Competition.
© The Mathematical Association of America. All rights reserved.

Tischenko Irina/Shutterstock.com

Copyright 2012 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



